ABSTRACT Repetitive motion planning and control (RMPC) of redundant robot manipulators is a fundamental and important problem widely existing in industrial manufacturing. In this paper, the accelerationlevel RMPC (ALRMPC) is studied and solved in a discrete-time manner. For solving this problem, a new ALRMPC scheme with feedback control term is derived and presented at first. Then, by adopting Lagrange's undetermined multipliers method and zeroing neural dynamics (ZND), a continuous-time ZND model, which is based on the new ALRMPC scheme, is developed and proposed. Besides, an eight-instant general formula with high precision is constructed, proposed and analyzed. By using this eight-instant general formula and other multiple-instant Zhang et al discretization (ZeaD) formulas to discretize the continuous-time ZND model, four discrete-time ZND (DTZND) models for solving ALRMPC are thus obtained. Finally, theoretical analyses and computer simulation experiment results further substantiate the effectiveness and accuracy of the proposed DTZND models.
I. INTRODUCTION
With the development of artificial intelligence and industrial manufacturing, robotics technology has received unprecedented attention and extensive research [1] - [6] . As an important sub-topic of robotics, the repetitive motion planning and control (RMPC) of redundant robot manipulators has been investigated by a lot of researchers and experts, and many strategies and algorithms are proposed and applied [7] - [14] . One of the conventional strategies is the pseudoinverse method [7] - [10] , but it may introduce a divergence phenomenon in the tracking process of end-effector [11] , [12] . Moreover, in the past ten years, quadratic programming (QP) method, which is widely used in the engineering and scientific fields, has been adopted by some scholars to describe RMPC schemes and solve them further [13] , [14] . Since practical redundant robot manipulators are usually controlled
The associate editor coordinating the review of this article and approving it for publication was Jinguo Liu.
by digital computer or system, exploiting some discrete-time models to solve RMPC, which is formulated in QP form, is necessary and meaningful.
For a time-varying problem like RMPC, both timeliness and accuracy must be considered. As an effective method, zeroing neural dynamics (ZND) has been applied to solve many time-varying problems, including RMPC, and good results have been achieved [15] - [19] . Generally, for a continuous-time ZND model, we can use a valid one-step-ahead discretization formula to discretize it and obtain a corresponding discrete-time ZND (DTZND) model. Note that the accuracy of the obtained discrete-time solving models is closely related to the used discretization formulas. Specifically, high precision discretization formulas correspond to high precision discrete models, and vice versa [20] - [24] . Therefore, in order to obtain high precision DTZND model, a general form of eight-instant Zhang et al discretization (ZeaD) formula is derived, proposed and investigated. This paper is mainly concerned with applying the ZND method to solve acceleration-level RMPC (ALRMPC) problem in a discrete-time manner. The rest of this paper is organized into four sections. A new ALRMPC scheme and the corresponding continuous-time ZND model are developed in Section II. In Section III, the eight-instant general formula is proposed, and four DTZND models, i.e., two-instant DTZND (TIDTZND), four-instant DTZND (FIDTZND), six-instant DTZND (SIDTZND), and eight-instant DTZND (EIDTZND) models, are further derived and investigated. Section IV shows the numerical experiments and verifications, and Section V concludes this paper with final remarks. Before ending this section, the main contributions of this work are listed as below. 
II. ACCELERATION-LEVEL RMPC SCHEME
As a basis for further discussion, the new ALRMPC scheme and the corresponding continuous-time ZND model are presented and investigated in this section.
A. NEW ALRMPC SCHEME DESIGN
In the previous work [25] , [26] , the redundancy resolution problem of redundant robot manipulators at the acceleration level can be formulated as follows:
where
; θ(t) ∈ R n ,θ(t) ∈ R n andθ(t) ∈ R n denote joint-angle vector, joint-velocity vector and joint-acceleration vector, respectively; θ(0) denotes the initial value of jointangle vector θ(t); u 1 , u 2 ∈ R + are design parameters; r d (t) ∈ R m is a given desired end-effector path andr d (t) is the second order time derivative of r d (t); J (θ(t)) = ∂f (θ(t))/∂θ(t) ∈ R m×n is the Jacobian matrix, and f (θ (t)) ∈ R m denotes a differentiable nonlinear function with the structure and parameters known for a given redundant robot manipulator; J (θ (t)) denotes the time derivative of Jacobian matrix J (θ(t)). Note that the obtained joint-angle vector θ(t) can not strictly make r d (t) − f (θ(t)) = 0, because the disturbance and computational round-off errors always exist in practical application. Therefore, a feedback control term is derived and presented here to handle this situation, which is different from the one introduced in [25] . To obtain the feedback control term, we define two vector-valued error functions consecutively and use ZND linear design formula [i.e.,ė(t) = −µe(t)] twice, with the detailed design process as follows.
We define the first vector-valued error function as
Then, by making use of the ZND linear design formula, we haveṙ
The second vector-valued error function is defined as
By adopting the linear design formula again, we havë
and further have
After arranging, the feedback control term is thus formulated as below:
Note that the design parameters µ 1 and µ 2 are positive real numbers. As a result, the new ALRMPC scheme is given by the following theorem.
Theorem 1: With r fb (t) denoting the feedback control term, and the other symbols are defined as before, the new ALRMPC scheme of redundant robot manipulators can be described as below:
Proof: The detailed proof process of (1) can be generalized from [25] . In addition, from the previous derivation we get (2) . The proof is thus completed.
B. CONTINUOUS-TIME ZND MODEL
To solve (1)- (2), we first transform it into an equivalent standard QP problem as below:
, and c(t) is defined as before. Evidently, it can be simplified and reformulated immediately as
Besides, according to the method of Lagrange's undetermined multipliers [27] , [28] , we define a Lagrange function
where λ(t) ∈ R m denotes the Lagrange-multiplier vector. Then, we have the following equations:
which can be rewritten in a compact form as
Since the identity matrix I is positive definite and B(t) is of full row rank, F(t) is nonsingular at any time instant t ∈ [t 0 , t f ) ⊆ [0, +∞), which guarantees the solution uniqueness of (5). Furthermore, by applying the ZND method, a vectorvalued error function is defined as e = F(t)z(t) + w(t), and then the linear design formula [i.e.,ė(t) = −ve(t)] is employed to force this error function to converge to zero. Finally, the continuous-time ZND model for solving ALRMPC is obtained as follows:
where v ∈ R + is the design parameter and F −1 (t) is the inverse of F(t);ż(t) andḞ(t) denote the time derivative of z(t) and F(t), respectively.
III. DISCRETE-TIME ZND MODELS FOR ALRMPC SOLVING
In this section, four discrete-time ZND models with different precision are proposed, developed and investigated. Besides, the corresponding theoretical analyses are also provided.
A. EIGHT-INSTANT GENERAL FORMULA
The eight-instant general formula is proposed by the following theorem. Theorem 2: With τ ∈ (0, 1) denoting the sampling gap, and η 1 , η 2 , and η 3 are real numbers which satisfy
the general form of eight-instant ZeaD formula is formulated as below: Proof: The proof process is given in Appendix B. For the convenience of readers and researchers, the effective range of parameters η 1 , η 2 , and η 3 is shown in Fig. 1 intuitively. In addition, the collection of eight-instant ZeaD formulas with different parameter values is shown in Table 1 . 
B. FOUR DTZND MODELS FOR ALRMPC
For the purpose of digital hardware realization, four DTZND models for solving ALRMPC (6) are proposed, discussed and studied.
By using (8) to discretize (6) , the general EIDTZND model is obtained as follows:
with (9) 
is O(τ 5 ).
Proof: According to Result 1 in Appendix A and the proof process of Theorem 2 in Appendix B, the general EIDTZND model (9) discretized by eight-instant general ZeaD formula (8) in the effective range is 0-stable. Evidently, according to Result 2 in Appendix A, the general EIDTZND model (9) is consistent. Besides, according to Results 3 and 4 in Appendix A, (9) is convergent and it converges with the order of its truncation error O(τ 5 ).
Assume z * k+1 is the theoretical solution of F k+1 z k+1 + w k+1 = 0. In addition, we have z k+1 = z * k+1 + O(τ 5 ) with k being large enough.
This completes the proof.
Furthermore, in order to obtain other DTZND models, three ZeaD formulas with different precision are adopted. The first one is Euler forward formula [29] , which can be seen as the first and also the simplest one of ZeaD formulas:
The second one is the four-instant ZeaD (specifically, Taylortype) formula [23] :
The third one is the six-instant ZeaD formula [24] :
Similarly, by using them to discretize (6) respectively, the corresponding DTZND models are obtained as
and (12) which are termed two-instant DTZND (TIDTZND) model, four-instant DTZND (FIDTZND) model, and six-instant DTZND (SIDTZND) model, respectively. Note that the definition of z k is consistent with that of EIDTZND model (9) . Theorem 4: With τ ∈ (0, 1) denoting the sampling gap, the TIDTZND (10), FIDTZND (11) and SIDTZND (12) (10), (11) and (12) 
IV. NUMERICAL EXPERIMENTS AND VERIFICATIONS
Based on the previous analyses, to substantiate the effectiveness of DTZND models, i.e., TIDTZND (10), FIDTZND (11), SIDTZND (12) , and EIDTZND (9) models, for solving ALRMPC, computer simulation experiments are conducted in this section. Specifically, the real-time motion control of a 5-link planar redundant robot manipulator and a 3-dimension redundant robot manipulator (e.g., the PUMA560 robot manipulator [30] ) is simulated, performed and investigated.
For the purposes of simplification, the parameters are uniformly set as u 1 = u 2 = µ 1 = µ 2 = 10, τ = 0.002 s and h = 0.02. In addition, the parameters η 1 , η 2 , and η 3 of EIDTZND (9) are set as −0.8, −0.7, and 0.1, respectively.
Note that, in all simulation experiments, we investigate the residual error ||F k+1 z k+1 +w k+1 || 2 and tracking error to scale the computational accuracy of different models, respectively.
A. 5-LINK PLANAR REDUNDANT ROBOT MANIPULATOR
In this subsection, the proposed four DTZND models are simulated on the 5-link planar manipulator with its VOLUME 7, 2019 end-effector tracking an astroid path, a tricuspid path and an inner five rings path, respectively. Besides, the initial joint state of the robot manipulator is set as θ(0) = [π/6; π/3; π/2; −π/3; π/3] rad and the duration of the path tracking task is set as t f = 12 s in each experiment uniformly.
The motion trajectories of robot manipulator and the endeffector trajectories synthesized by EIDTZND (9) in tracking the astroid path, the tricuspid path and the inner five rings path are shown in Figs. 2, 4 , and 6, respectively, and those synthesized by TIDTZND (10), FIDTZND (11) and SIDTZND (12) are omitted because of similarity and space limitation. As shown in these figures, each actual tracking path coincides with the corresponding desired path, which substantiates the proposed DTZND models for ALRMPC are correct and feasible. In addition, from Figs. 3(a), 5(a), and 7(a), we can see that the residual errors synthesized by models (10), (11) , (12) , and (9) change regularly, which are in accordance with Theorems 3 and 4. Furthermore, in Figs. 3(b) , 3(c), 5(b), 5(c), 7(b), and 7(c), the tracking errors of X-axis and Y-axis for (10), (11) , (12) , and (9) also change regularly. Thus, the efficacy of DTZND models is substantiated.
B. 3-DIMENSION REDUNDANT ROBOT MANIPULATOR
For further substantiating the effectiveness of the proposed four DTZND models for ALRMPC, we conduct the computer simulation experiments on the 3-dimension manipulator with its end-effector tracking a ring-like conic path and a ring spiral path. Moreover, in the simulation experiments, the initial joint state of the robot manipulator is consistently set as θ(0) = [0; −π/4; 0; π/2; 0; −π/4] rad, and the durations of the path tracking task are respectively set as 16 s and 14 s.
Because of similarity and space limitation, only the motion and the end-effector trajectories of robot manipulator synthesized by EIDTZND (9) in tracking the ring-like conic path and the ring spiral path are given in Figs. 8 and 10. As seen in these two figures, the actual tracking paths and the desired paths are overlapped, which substantiates the correctness of the proposed DTZND models for ALRMPC. Besides, as shown in Figs. 9(a) and 11(a), it is evident that the residual errors of (10), (11) , (12) , and (9) are increased successively, which coincide with Theorems 3 and 4. From Figs. 9(b) through 9(d) and 11(b) through 11(d), we know that the tracking errors of different DTZND models are also increased successively. These results show that the proposed DTZND models are effective and feasible. VOLUME 7, 2019 FIGURE 10. Simulation motion and trajectory synthesized by EIDTZND (9) for the 3-dimension manipulator tracking the ring spiral path. 
V. CONCLUSION
In this work, the ALRMPC problem has been investigated, and then solved by the proposed DTZND models successfully. Specifically, the new ALRMPC scheme has been presented and investigated. Then, the corresponding continuous-time ZND model has been developed and proposed by applying the ZND method. Furthermore, the eightinstant general formula has been proposed and studied. Based on the eight-instant general formula and other ZeaD formulas, four DTZND models with different precision have been further derived and proposed. Finally, theoretical analyses and numerical experiment results have indicated the good effectiveness and superiority of the proposed DTZND models. As an extension of this work, one of the future research topics is to study and analyze the effective step-size interval of different DTZND models. Besides, constructing and finding new multiple-instant general ZeaD formulas with higher precision can also be an interesting research direction.
APPENDIX A
In Appendix A, the following four results [29] , [31] for a linear N -step method are provided.
Result 1: A linear N -step method N i=0 α i x k+i = τ N i=0 κ i ψ k+i can be checked for 0-stability by determining the roots of its characteristic polynomial P N (ς) = N i=0 α i ς i . If all roots denoted by ς of the polynomial P N (ς) satisfy |ς| ≤ 1 with |ς| = 1 being simple, then the linear N -step method is 0-stable (i.e., has 0-stability).
Result 2: A linear N -step method is said to be consistent (i.e., have consistency) of order p if the truncation error for the exact solution is of order O(τ p+1 ) where p > 0.
Result 3: A linear N -step method is convergent, i.e., x [t/τ ] → x * (t), for all t ∈ [0, t f ], as τ → 0, if and only if the method is 0-stable and consistent. That is, 0-stability plus consistency means convergence, which is also known as Dahlquist equivalence theorem.
Result 4: A linear 0-stable consistent method converges with the order of its truncation error.
